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In this paper, we ﬁrst describe a homogenization methodology with the aim of establishing strain gradi-
ent constitutive relations for heterogeneous materials. The methodology presented in this work includes
two main steps. The ﬁrst one is the construction of the average strain-energy density for a well-chosen
RVE by using a homogenization technique. The second one is the transformation of the obtained average
strain-energy density to that for the continuum. An important characteristic of this method is its self-
consistency with respect to the choice of the RVE: the strain gradient constitutive law built by using
the present method is independent of the size and the form of the RVE. In the frame of this homogeni-
zation procedure, we have constructed a strain gradient constitutive relation for a two-dimensional elas-
tic material with many microcracks by adopting the self-consistent scheme. It was shown that the
effective behavior of cracked solids depends not only on the crack density but also on the average crack
size with which the strain gradient is associated. The proposed constitutive relation provides a starting
point for the development of an evolution law of damage including strain gradient effect, which will
be presented in the second part of this work.
 2011 Elsevier Ltd. All rights reserved.1. Introduction Generally speaking, the size effect in brittle materials has a sta-In this paper, we attempt to demonstrate that strain gradient
plays an important role in fracture behavior of brittle materials.
We believe that through the present work, we can show an evident
inﬂuence of strain gradient on the fracture of brittle materials un-
der non-singular stress concentration. The present work is divided
into two parts. In the ﬁrst part, we developed a homogenization
methodology with which a strain gradient constitutive relation
was established for brittle materials with many microcracks. In
the second part, this constitutive relationwas extended into an evo-
lution law of damage. Moreover, numerical simulations and com-
parative studies with experimental results were also performed.
The strain gradient constitutive laws in solid mechanics were
introduced by the necessity to describe the size effect observed
in micro or macro scales. This size effect involves change of re-
sponse when the spatial dimensions are scaled up or down while
the geometry and all other characteristics are preserved (Bazant,
1976). The size effect study in solid mechanics is a wide domain
with considerable importance in engineering applications. It is a
common belief that the size effect is essentially due to heterogene-
ities and ﬂaws in materials. The size effect becomes noticeable
when the size of these heterogeneities and ﬂaws is comparable
with respect to that of structural elements.ll rights reserved.tistical and a deterministic component. Numerous studies were re-
ported for assessing the inﬂuence of the statistic aspect of the
heterogeneities on the size effect (Carpinteri, 1994). For the deter-
ministic component, the main difﬁculty resides in the fact that its
study cannot readily be included in classical continuummechanics
framework. Consequently, researchers often see enriched contin-
uum theories like non-local elasticity (e.g., Pijaudier-Cabot and
Bazant, 1987) as a replacement for more complicated microscopic
and discrete simulations. Under certain conditions, these non-local
models can be approximated by the so-called strain gradient elas-
ticity where higher-order gradients of strain are added to the clas-
sical elastic constitutive equations. These gradient approaches are
often based on the introduction of length scale effects in elasticity,
plasticity or dislocation dynamics by incorporating higher order
gradients of strain into the constitutive or evolution equations gov-
erning the material description. Casal (1961, 1963, 1972) ﬁrst
introduced strain gradient in modeling a 1D bar behavior, and
interpreted the forces corresponding to higher order strains as
‘‘capillarity forces’’ since they appear as important as the size of
the bar becomes small. Toupin (1962) and Mindlin and Tiersten
(1962) have developed the general three-dimensional theory of
higher-order gradient theories for linear elastic materials. Since,
the higher-order gradient theories became a popular topic of
research (Mindlin, 1964, 1965; Green and Rivlin, 1964; Koiter,
1964; Kleinert, 1989; Ru and Aifantis, 1993; Aifantis, 2003; Gutkin,
2000 among others). Apart from these pure elasticity theories, the
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complicated material behaviors, for examples, we can mention
numerous outstanding works carried out in the context of plastic-
ity (Nix and Gao, 1998; Zbib and Aifantis, 1988; Gao et al., 1999;
Fleck and Hutchinson, 1993; Gurtin, 2000 etc.)
Even though the ability of the gradient theories to capture the
size effect is no longer contested in the scientiﬁc community, how-
ever, the physical meanings of the higher-order gradients in consti-
tutive equations and the origin for gradient terms incite always
discussions. Numerous authors believe that the homogenization
of a Representative Volume Elements (RVE) by including the gradi-
ent terms of the macroscopic ﬁeld is a natural way to describe the
behavior of heterogeneous materials. Drugan andWillis (1996) and
Drugan (2000) developed a non-local effective constitutive equa-
tion for a class of linearly elastic composites by formally solving
the equilibrium equation. For periodic linearly elastic media, an
asymptotic solution technique has been used to obtain the homog-
enized higher-order gradient material behavior, for which effective
moduli up to an arbitrary order may be determined based on the
properties and morphology of the phases (Triantafyllidis and Bar-
denhagen, 1996; Boutin (1996), Smyshlyaev and Cherednichenko,
2000). Geers et al. (2001) and Kouznetsova et al. (2004) developed
a multi-scale ﬁnite element model to establish the higher-order
macroscopic constitutive tangents for multi-phase materials. Apart
from these strain gradient laws, another class of strain gradient
constitutive laws, namely the Cosserat relationship, can also be ob-
tained by homogenization procedure (Forest and Sab, 1998; Forest
et al., 2001; Bouyge et al., 2002 etc.)
In the presentwork,we have established a strain gradient consti-
tutive law for brittle materials with manymicrocracks. The homog-
enization principle described in the above-mentioned works is
essentially followed. In addition, we developed a special procedure
with the purpose of transforming the constitutive laws for individ-
ual RVEs to those for the continuum. This approach ensures that
the obtainedgradient constitutive laws are independent of theRVE’s
size while the material microstructure is correctly represented.
Numerous methods were developed in the literature to deter-
mine the effective elastic properties of solids with many cracks
(Budiansky et al., 1976; Hoenig, 1979; Horii and Nemat-Nasser,
1983; Benvensite, 1986; Aboudi and Benvensite, 1987; Hashin,
1988; Christensen and Lo, 1979; Feng and Yu, 2000 etc.). A com-
prehensive review can be found in Kachanov (1992, 1993). How-
ever, to the authors’ knowledge, the inﬂuence of strain gradient
is rarely considered in this class of studies. In the present work,
we construct a strain gradient constitutive law for two-dimen-
sional microcracked solids by adopting the self-consistent scheme.
The obtained constitutive relation is in a similar form of many
strain-gradient constitutive laws proposed in the literature. The
main difference is that the constitutive equation obtained in the
present work is a result of exploitation of a physical model by
means of homogenization, while most of the strain gradient laws
proposed in the literature were deduced on the basis of predeﬁned
potentials. It was shown that the effective behavior of cracked sol-
ids depends not only on the crack density but also on the average
crack size with which strain gradient is associated. The proposed
constitutive relation provides a starting point for the development
of an evolution law of damage including strain gradient effect,
which will be presented in the second part of this work.2. Creation of strain gradient constitutive relations by
homogenization
The homogenization theory is a powerful tool to construct mac-
roscopic constitutive laws of heterogeneous materials from micro-
scopic structural analyses. The concept of the macrohomogeneityis a fundamental hypothesis in conventional homogenization the-
ory (Hill, 1967). According to this concept, the stress and strain
ﬁelds in all points of a body are assumed to admit two different
scales of variation. First, they ﬂuctuate in a local microscopic scale.
Second, it is also possible to deﬁne domains, called the Representa-
tive Volume Elements (RVE) and denoted by Xe, such that the vol-
ume averages of stress and strain ﬁelds are nearly uniform in the
vicinity of Xe, and signiﬁcantly vary only in a macroscopic scale
much larger than the dimension of Xe. One the one hand, a RVE
should be large enough in microscopic scale such that the hetero-
geneous structure of the material can correctly be represented. On
the other hand, it should be sufﬁciently small in macroscopic scale
such that it can be regarded as mathematically inﬁnitesimal.
However, this fundamental hypothesis is no longer valid in
numerous cases. For examples, if the variation of the macroscopic
stress or strain ﬁelds is rapid over the length scale of Xe, or if the
size of Xe is in a comparable order of scale with respect to the con-
sidered specimen, in these cases, the macroscopic stress or strain
ﬁelds can no longer be regarded as uniform in the scale of Xe, and
their gradients cannot be neglected in homogenization procedure.
In order to adapt the macrohomogeneity concept to the cases
when higher-order gradients cannot be neglected, we admit the
following hypotheses:
1: A RVE is no longer considered as an inﬁnitesimal volume in
macroscopic scale. A macroscopic solid X is constituted by a
ﬁnite number of RVEs. Therefore we assume thatX ¼ [XðmÞ; \XðmÞ ¼ ;; m ¼ 1;M; ð2:1Þ
where X(m) is the mth RVE and M is the total number of the
RVEs in X.2: Higher-order strain gradients do not affect constitutive laws
if the material is perfectly homogeneous. That is to say, if a
RVE is constituted of several homogeneous linearly elastic
phases, conventional linear elastic theory holds for each
phase:rðmÞij;j ðyÞ þ f ðmÞi ðyÞ ¼ 0
rðmÞij ðyÞ ¼ CðmÞijpqðyÞuðmÞp;q ðyÞ
8<
: y 2 XðmÞ ð2:2Þ
where r(m)(y), u(m)(y), f(m)(y) are the ﬂuctuating microscopic
ﬁelds within X(m), respectively the Cauchy stress tensor, the
displacement vector and the body force vector; C(m)(y) is
the stiffness tensor, constant in each phase; y is the local
coordinate position associated with the RVE and originated
at its geometrical center. In the following, we will distinguish
the local coordinate y from the global one x, associated to the
solid X.3: We assume that there exists a macroscopic displacement
ﬁeld u issued from smoothing the oscillating microscopic
displacement ﬁeld. The equivalence of these two ﬁelds is
guaranteed by the equality of their average gradients over
a RVE until order n, namelyui ¼ uðmÞi
@ui
@xj1
¼ @u
ðmÞ
i
@xj1
. . .
@nui
@xj1 . . . @xjn
¼ @
nuðmÞi
@xj1 . . . @xjn
ð2:3Þ
where the over-bars signify ‘‘averaging over X(m)00;.
4: The macroscopic displacement ﬁeld in X(m) can be repre-
sented in terms of its gradients at the geometrical center
xc by expanding it into a Taylor’s series (Bazant et al.,
1984; Peerlings et al., 2001), namely,uiðyÞ ¼ @uiðxcÞ
@xj
yj þ
1
2
@2uiðxcÞ
@xj@xk
yjyk þ
1
6
@3uiðxcÞ
@xj@xk@xl
yjykyl
þ    y 2 XðmÞ ð2:4Þ
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@xj
; @
2uiðxcÞ
@xj@xk
and @
3uiðxcÞ
@xj@xk@xl
are the derivatives of the mac-
roscopic displacement at the geometrical center of X(m). The
rigid body movement is omitted from (2.4). According to
(2.4), we can calculate the averages of the derivatives of the
macroscopic displacement over X(m), namely:
ui;j ¼ 1
V ðmÞ
Z
XðmÞ
ui;jdV ¼ @uiðxcÞ
@xj
þ @
2uiðxcÞ
@xj@xk
IðmÞk
þ 1
2
@3uiðxcÞ
@xj@xk@xl
IðmÞkl þ   
ui;jk ¼ 1
V ðmÞ
Z
XðmÞ
ui;jkdV ¼ @
2uiðxcÞ
@xj@xk
þ @
3uiðxcÞ
@xj@xk@xl
IðmÞl þ   
ui;jkl ¼ 1
V ðmÞ
Z
XðmÞ
ui;jkldV ¼ @
3uiðxcÞ
@xj@xk@xl
þ   
ð2:5Þ
where V(m) is the volume of X(m) and
IðmÞk ¼
1
V ðmÞ
Z
XðmÞ
ykdV ¼ 0 IðmÞkl ¼
1
V ðmÞ
Z
XðmÞ
ykyldVConsequently, by taking (2.3) and (2.5) into account, the Taylor
expansion (2.4) can also be written as:
ui ¼ uðmÞi;j yj þ
1
2
uðmÞi;jk yjyk þ
1
2
uðmÞi;jkl
1
3
ykyl  IðmÞkl
 
yj þ    y 2 XðmÞ
ð2:6aÞ
Thus we have a link between the macroscopic ﬁeld and the
average gradients of the microscopic ﬁeld. It is evident that this
link can also be established for stress ﬁeld. From similar algebraic,
the traction on the boundary of a RVE writes
ti ¼ rðmÞij nj þ rðmÞij;k njyk þ
1
2
rðmÞij;klnjykyl þ    y 2 XðmÞ ð2:6bÞ
where rðmÞij ; r
ðmÞ
ij;k ; r
ðmÞ
ij;kl . . . are averages of the microscopic stresses and
their gradients over a RVE.
In the resolution of local homogenization problems, the average
gradients are often taken as remote loads. In conventional homog-
enization methods, the ﬁrst term in (2.6a) or (2.6b) is sufﬁcient for
this purpose. More terms are needed when higher-order gradients
cannot be neglected.
Under these hypotheses, we develop a homogenization meth-
odology including two main steps. The ﬁrst one is the resolution
of the local problem (2.2) for a RVE subjected to gradient loads
on its boundary. Due to introduction of strain gradient, the size
of the RVE cannot be regarded as inﬁnitesimal. The homogeniza-
tion analysis in the ﬁrst step only provides the constitutive rela-
tions for this ﬁnite volume. Therefore, a special procedure must
be developed to transform the obtained constitutive relation to
that for the continuum. This is the task of the second step.
Step 1: Homogenization
The homogenization techniques used in the construction
of constitutive laws were abundantly described in the lit-
erature and only the principal elements are outlined as fol-
lows. Consider a RVE X(m) loaded with known traction tðmÞi
on its exterior boundaryoX(m). Let duðmÞi be a virtual kine-
matically admissible displacement ﬁeld, as deﬁned in
(2.6) but truncated after the second term. The virtual work
of the traction tðmÞi on the virtual displacement du
ðmÞ
i isdW ðmÞu ¼
Z
@XðmÞ
tðmÞi du
ðmÞ
i dS
¼ duðmÞi;j
Z
@XðmÞ
tðmÞi yjdSþ
1
2
duðmÞi;jk
Z
@XðmÞ
tðmÞi yjykdS ð2:7ÞLet us deﬁne
Z Z
rðmÞij ¼
1
V ðmÞ @XðmÞ
tðmÞi yjdS
1 rðmÞijk ¼
1
2V ðmÞ @XðmÞ
tðmÞi yjykdS
ð2:8Þ
where rðmÞij ; 1 r
ðmÞ
ijk can respectively be considered as the stress
and double stress tensors in macroscopic scale; V(m) is the
volume of X(m). We can easily demonstrate that rðmÞij is inde-
pendent of the RVE’s size. However, this is not the case for
1 rðmÞijk .
Using these deﬁnitions, Eq. (2.7) becomesZ
1
V ðmÞ @XðmÞ
tðmÞi du
ðmÞ
i dS ¼ duðmÞi;j rðmÞij þ duðmÞi;jk 1 rðmÞijk : ð2:9Þ
The right side of (2.9) can be regarded as the variation of the
average strain energy density U(m) of the RVE deﬁned as
follows:Z Z
UðmÞ ¼ rðmÞij duðmÞi;j þ 1 rðmÞijk duðmÞi;jk ð2:10Þ
orrðmÞij ¼
@UðmÞ
@uðmÞi;j
1 rðmÞijk ¼
@UðmÞ
@uðmÞi;jk
ð2:11Þ
Therefore (2.9) can just read as the virtual work principle
applied on X(m):dW ðmÞu =V
ðmÞ ¼ dUðmÞ ð2:12Þ
Eq. (2.12) is the energy-averaging theorem, known in the lit-
erature as the Hill–Mandel condition or macrohomogeneity
condition (Hill, 1963; Suquet, 1987; Fleck and Hutchinson,
1993).
The constitutive equations for the RVE can be obtained by
solving the local problem (2.2) under boundary conditions
(2.6). The macroscopic constitutive relations are evaluated
from (2.11):
 
rðmÞij ¼ rðmÞij uðmÞi;j ; uðmÞi;jk
1 rðmÞijk ¼ 1 rðmÞijk uðmÞi;j ; uðmÞi;jk
  ð2:13Þ
It is important to point out that Eq. (2.13) are obtained from
homogenization of a single RVE. Therefore, they are valid
only for individual RVEs. In the following, we will rewrite
them for a linearly elastic continuum.
Step 2: Transformation
According to Mindlin (1965), a strain energy function for a
homogeneous and isotropic continuum can be written,
using the notation of the present paper, as follows:U ¼ 1
2
ðCijpqui;jup;q þ Dijkpqrui;jkup;qrÞ ð2:14Þwhere ui,j, ui,jk are the derivatives of the displacement; C and
D are the stiffness tensors for strains and strain gradients.
This form of strain energy function can also be found by using
the above-mentioned homogenization technique. In fact, for a
RVE suitably chosen, we can write the average strain energy
density as follows:UðmÞ ¼ 1
2
CðmÞijpqu
ðmÞ
i;j
uðmÞp;q þ DðmÞijkpqruðmÞi;jk uðmÞp;qr
 
ð2:15Þwhere CðmÞijpq;D
ðmÞ
ijkpqr are the average stiffness tensors of the mth
RVE issued from a homogenization procedure.
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trary RVEs. The microstructure in a general 3-D RVE has to possess
at least three orthogonal planes of symmetry with respect to the
local coordinate system, at least in a statistical sense. In general,
this condition is satisﬁed for macroscopically isotropic or orthotro-
pic materials with well chosen RVEs.
The total strain energy in a macroscopic volume X is, according
to the hypothesis (2.1) and (2.15):Z
X
UdV ¼
XM
m¼1
V ðmÞ
1
2
CðmÞijpqu
ðmÞ
i;j
uðmÞp;q þ DðmÞijkpqruðmÞi;jk uðmÞp;qr
 
ð2:16Þ
where U is the strain energy density in X. As we pointed above, in
general, U– U(m) as the later depends on the RVE’s volume. Our
objective is to transcribe the summation in (2.16) into an integral
expression in order to extract a true strain energy density. To this
end, we ﬁrst consider the integralZ
X
Cijpqui;jup;qdV ¼
XM
m¼1
Z
XðmÞ
CðmÞijpqu
ðmÞ
i;j u
ðmÞ
p;q dV ð2:17Þ
where u is the macroscopic displacement vector; XðmÞ represents
the homogenized RVE, i.e., XðmÞ is a mono-connected domain with-
out cavities eventually existed in X(m); C is the macroscopic stiff-
ness tensor issued from homogenization, CðxÞ ¼ CðmÞ for x 2X(m).
CðxÞ can be regarded as continuously varying in macroscopic scale
if the RVEs are sufﬁciently small.
By truncating (2.6a) after its second term, then substituting it
into (2.17), we obtain straightforwardly:
XM
m¼1
V ðmÞ CðmÞijpqu
ðmÞ
i;j
uðmÞp;q
 
¼
Z
X
Cijpqui;jup;qdV

XM
m¼1
V ðmÞCðmÞijpqI
ðmÞ
kr
uðmÞi;jk u
ðmÞ
p;qr ð2:18Þ
with
IðmÞij ¼
1
V ðmÞ
Z
XðmÞ
yiyjdV ð2:19Þ
In the deduction of (2.18), the relationship
R
XðmÞ yidV ¼ 0 is used
since the origin is situated at the RVE’s geometrical center. By intro-
ducing (2.18) into (2.16) we obtain:Z
X
UdV ¼ 1
2
Z
X
ui;jCijpqup;qdV þ
XM
m¼1
V ðmÞ
2
DðmÞijkpqr  CðmÞijpqIðmÞkr
 
uðmÞi;jk u
ðmÞ
p;qr
ð2:20Þ
Since all the terms in the summation in (2.20) are constant in each
RVE, we have
V ðmÞ DðmÞijkpqr  CðmÞijpqIðmÞkr
 
uðmÞi;jk u
ðmÞ
p;qr ¼
Z
XðmÞ
DðmÞijkpqr  CðmÞijpqIðmÞkr
 
uðmÞi;jk u
ðmÞ
p;qrdV
ð2:21Þ
If the Taylor expansion (2.6a) is truncated after the second term, we
have uðmÞi;jk ¼ ui;jk. Let D and I be the continuously varying tensors cor-
responding respectively to DðmÞ and IðmÞ, i.e., DðxÞ ¼ DðmÞ and
IðxÞ ¼ IðmÞ for x 2X(m). For sufﬁciently small RVEs, the second term
in the right-side of (2.20) becomes:
1
2
XM
m¼1
Z
XðmÞ
DðmÞijkpqr  CðmÞijpqIðmÞkr
 
uðmÞi;jk u
ðmÞ
p;qrsdV
¼ 1
2
Z
X
Dijkpqr  CijpqIkr
 
ui;jkup;qrdV ð2:22Þ
Finally, by rewriting (2.20) together with (2.21) and (2.22), we
obtain:Z
X
UdV ¼ 1
2
Z
X
ðCijpqui;jup;q þ Dijkpqrui;jkup;qrÞdV ð2:23Þ
with
Cijpq ¼ Cijpq
Dijkpqr ¼ Dijkpqr  CijpqIkr
ð2:24Þ
From (2.23), we extract the strain energy density for the macro-
scopic continuum:
U ¼ 1
2
ðCijpqui;jup;q þ Dijkpqrui;jkup;qrÞ ð2:25Þ
Then the constitutive relations in the homogenized continuum are:
rij ¼ @U
@ui;j
¼ Cijpqup;q
1rijk ¼ @U
@ui;jk
¼ Dijkpqrup;qr
ð2:26Þ
This transformation procedure can be repeated if higher-order gra-
dients are included in the constitutive laws. Eqs. (2.25) and (2.26)
are of similar form compared with many constitutive laws proposed
in the literature. However, the relationships in (2.25) and (2.26) are
issued from a homogenization consideration, therefore beneﬁt from
the physical clarity of the method.
It is useful to remark that the strain energy density can also be
developed in terms of the strain and its gradients eij; eij;k; . . .. Since
there exists an algebraic correspondence between eij; eij;k; and
ui;j; ui;jk;    (Mindlin and Eshel, 1968), the transformation proce-
dure above described is valid for a strain energy density written
in terms of eij; eij;k; . . ..
As demonstrated above, the gradient constitutive laws involve
geometrical parameters of RVEs. However, the gradient constitutive
behavior is amaterial property: apart from the solution accuracy re-
lated to the stochastic aspect of heterogeneities, the size of the RVE
should not change the fundamental result of the constitutive behav-
ior. Once the RVEs chosen represent properly the microstructure of
the material, adopting different RVEs must provide basically the
same constitutive relations. This size-independent feature of the
constitutive laws will be checked by the following examples.
3. Examples
Hereafter we will apply the developed homogenization meth-
odology to solve two simple local problems in establishing the
strain gradient constitutive relations. The selected examples are
voluntarily simple with which closed solutions can be obtained.
We prefer to emphasis on the physical implications of the present
approach rather than to develop complex homogenization tech-
niques, which can be an objective of further studies.
3.1. One-dimensional composite
Consider a periodically layered composite bar under uniaxial
traction. Let e be the size of the basic cell, c the length ratio of
the ﬁber phase and 1  c the length ratio of the matrix phase.
The Young moduli are denoted by Ef for the ﬁber phase and Em
for the matrix phase. Beside the external axial tractions at its
two extremities, we assume that the bar is also subjected to body
forces f, assumed uniform in the composite.
In the following, we will establish the macroscopic constitutive
relation for the composite by choosing two different RVEs. The ﬁrst
RVE, named XðmÞe , is the basic cell and the second, named X
ðmÞ
3e , is
composed of 3 basic cells, see Fig. 1. The local elasticity problems
corresponding to the homogenization on these RVEs are written
as follows:
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r0ðmÞ þ f ¼ 0
rðmÞ ¼ EðmÞu0ðmÞ for y 2 X
ðmÞ
ePb1 :
rðmÞ ¼ r0 at y ¼ e=2
rðmÞ ¼ r0  f e at y ¼ e=2
(
ð3:1Þ
uðmÞ;rðmÞ continuous at y ¼ ec=2
Pb2 :
r0ðmÞ þ f ¼ 0
rðmÞ ¼ EðmÞu0ðmÞ
(
for y 2 XðmÞ3e
(
rðmÞ ¼ r0 at y ¼ 3e=2
rðmÞ ¼ r0  3fe at y ¼ 3e=2
ð3:2ÞuðmÞ;rðmÞ continuous at y ¼ ec=2; eð1 cÞ=2
Let us ﬁrst consider the RVE XðmÞe . The exact solution of the local
problem (3.1) can be written in closed form. Accounting for the
boundary conditions and stress continuity conditions across the
interfaces, integration of the equilibrium equation gives:
rðmÞðyÞ ¼ fyþ r0  f e=2 ð3:3Þ
This solution can also be expressed in terms of u0 and u00 which
are respectively the macroscopic strain and strain gradient at the
center of XðmÞe . According to (2.4), they are also the average strain
and strain gradient on XðmÞe . In fact, the equilibrium equation can
be written as u
00(m) = f/E(m). Its averaging provides
f ¼ Eu00 ð3:4Þ
where E stands for the homogenized modulus of the composite,
1
E
¼ 1 c
Em
þ c
Ef
: ð3:5Þ
By averaging the strain u
0(m) = r(m)/E(m), we have
r0 ¼ Eðu0  u00e=2Þ: ð3:6Þ
By substituting (3.4) and (3.6) into (3.3), we obtain:
rðmÞðyÞ ¼ Eðu0 þ u00yÞ ð3:7Þ
This result allows for the calculation of the average strain energy
density on XðmÞe :
UðmÞ1 ¼
1
e
Z e
2
e2
ðrðmÞÞ2
2EðmÞ
dy ¼ 1
2
Eðu0Þ2 þ 1
2
l21E u
00ð Þ2 ð3:8Þ
where l1 is a characteristic length, l
2
1 ¼ Ee
2
12
1c3
Em
þ c3Ef
 
.
For the RVE XðmÞ3e , the solution of the problem (3.2) yields the
same stress ﬁeld as in (3.7). The only difference resides in the cal-
culation of u0 and u00, given by r0 ¼ E u0  3u00e=2ð Þ and f ¼ Eu00.
The average strain energy density in XðmÞ3e is therefore:Ef Em 
f
(m)
εΩ
(a) (b)
f
y
σ0−fε
Fig. 1. A 1-D composite with two difUðmÞ3 ¼
1
3e
Z 3e
2
3e2
ðrðmÞÞ2
2EðmÞ
dy ¼ 1
2
Eðu0Þ2 þ 1
2
l23Eðu00Þ2 ð3:9Þ
with l23 ¼ l21 þ 23 e2
It is clear that UðmÞ1 – U
ðmÞ
3 even though X
ðmÞ
e and X
ðmÞ
3e can both
represent the microstructure of the composite. The constitutive
laws thus obtained depend on the volume of the RVE if the strain
gradient u00 is taken into account. This anomaly can be remedied
by using the transformation method described in Section 2.
According to the second equation in (2.24), we can calculate the
effective stiffness for the strain gradient term, namely:
For XðmÞe :
D ¼ El21  E
1
e
Z
XðmÞe
y2dy ¼ E2e2 1 c
3
12Em
þ c
3
12Ef
 
 Ee
2
12
¼ emef ð1þ cÞE
2
12
1
Em
 1
Ef
 
ð3:10Þ
where em = e(1  c) and ef = ec are respectively the matrix and the
ﬁber length.
For XðmÞ3e :
D ¼ El23 
E
3e
Z
XðmÞ3e
y2dy ¼ Ee2 E
Em
1 c3
12
þ E
Ef
c3
12
þ 2
3
 !
 3
4
Ee2
¼ emef ð1þ cÞE
2
12
1
Em
 1
Ef
 
ð3:11Þ
By applying this transformation procedure, we do obtain the same
constitutive equation from the homogenization of two RVEs of dif-
ferent size. The strain energy density is therefore:
U ¼ E
2
ðu0Þ2 þ emef ð1þ cÞE
12
1
Em
 1
Ef
 
ðu00Þ2
" #
ð3:12Þ
Moreover, from Eq. (3.12), we can observe that the strain gradient
term is directly related to the size, volume ratio and stiffness of each
component of the composite, but independent of the RVE’s size.
3.2. Two-dimensional holed panel
The second example is a bi-dimensional panel with periodically
distributed holes. The panel is made of a linearly elastic material
with the stiffness tensor C0. Let a be the hole’s radius and f the
average porosity of the medium, f = Npa2/V, where V is the volume
of the macroscopic bodyX, N is the number of holes inX. For more
convenience, we assume that the body can be divided into elemen-
tary square cells with average side length h ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pa2=f
p
, as shown in
Fig. 2. The gradient loads are applied by imposing the average
strain and strain gradient uðmÞi;j and u
ðmÞ
i;jk for each RVE.
We will establish the strain gradient constitutive model by
using the Voigt estimate which provides quite a simple result with
sufﬁcient accuracy in the case of small porosity. In order to show
the independence of the proposed method with respect to the
RVE’s size, we choose several RVEs in the establishment of the con-3
(m)
εΩ
y
ferent RVEs for homogenization.
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9 . . . elementary cells, as illustrated in Fig. 2.
According to the Voigt scheme, we assume the following kine-
matically admissible strain ﬁeld in a RVE:
uðmÞi;j ðyÞ ¼ uðmÞi;j þ uðmÞi;jk yk ð3:13Þ
The average strain energy density on a RVE is therefore:
UðmÞ ¼ 1
2V ðmÞ
Z
XðmÞ
C0ijpqu
ðmÞ
i;j u
ðmÞ
p;q dV
¼ 1
2
CðmÞijpqu
ðmÞ
i;j
uðmÞp;q þ DðmÞijkpqruðmÞi;jk uðmÞp;qr
h i
ð3:14Þ
where V(m) is the volume of the RVE, and
CðmÞijpq ¼ ð1 f ÞC0ijpq ¼ 1
pa2
h2
 
C0ijpq ð3:15Þ
DðmÞijkpqr ¼
1
V ðmÞ
Z
XðmÞ
C0ijpqykyrdV ð3:16Þ
It is clear that the average stiffness tensor CðmÞ is identical for all the
RVEs. However, the average stiffness tensor DðmÞ depends on the
RVE chosen. In fact,
DðmÞijkpqr ¼ C0ijpqdkr
h2
12
 pa
4
4h2
 !
for 0XðmÞ;
DðmÞijkpqr ¼ C0ijpqdkr
h2
3
 pa
2
4h2
ða2 þ h2Þ
" #
for 1XðmÞ;
DðmÞijkpqr ¼ C0ijpqdkr
h2
4
 pa
2
4h2
a2 þ 8h
2
3
 !" #
for 2XðmÞ etc:
We can correct this anomaly by the transformation procedure de-
scribed in Section 2. According to (2.24), we have
Dijkpqr ¼ C0ijpqdkr
h2
12
 pa
4
4h2
 !
 C0ijpq 1
pa2
h2
 
h2
12
dkr
¼ C0ijpqdkr
pa2
12
1 3
p
f
 
for 0XðmÞ;
Dijkpqr ¼ C0ijpqdkr
h2
3
 pa
2
4h2
ða2 þ h2Þ
" #
 C0ijpq 1
pa2
h2
 
h2
3
dkr
¼ C0ijpqdkr
pa2
12
1 3
p
f
 
for 1XðmÞ;
Dijkpqr ¼ C0ijpqdkr
h2
4
 pa
2
4h2
a2 þ 8h
2
3
 !" #
 C0ijpq 1
pa2
h2
 
h2
4
dkr
¼ C0ijpqdkr
pa2
12
1 3
p
f
 
for 2XðmÞ:
Thus we obtain the same expression of D with different RVEs. The
strain energy density is therefore:3        (m)
2        (m)
1        (m)
0        (m)
Ω
Ω
Ω
Ω
h 
a 
Fig. 2. Bi-dimensional plate with circular holes and different RVEs.U ¼ 1
2
ð1 f ÞC0ijpqui;jup;q þ
pa2
12
1 3
p
f
 
C0ijpqdkrui;jkup;qr
 
ð3:17Þ
From (3.17), we can conﬁrm that the constitutive law obtained de-
pends on the porosity and the size of the holes, but is independent
of the size of the RVE chosen in the homogenization procedure.
4. Strain gradient constitutive law for brittle materials with
many microcracks
Numerous constitutive relationships were developed for brittle
or quasi-brittle materials including many cracks in the case when
strain gradient is neglected. In this section, we will establish a
strain gradient constitutive law by using the homogenization
methodology described in Section 2. This constitutive law will be
transformed to a strain-gradient damage law afterwards.
To ﬁx the idea, we assume that the constitutive law that we at-
tempt to obtain takes the following form:
U ¼ 1
2
ðCijpqeijepq þ Dijkpqreij;kepq;rÞ ð4:1Þ
We will give estimations for the stiffness tensors C and D corre-
sponding respectively to strain and strain gradient. Consider now
a 2-D RVE X(m) containing N microcracks. The nth crack is centered
at y(n), y(n) 2X(m), with length 2a(n), normal vector n(n) and orienta-
tion vector s(n). The density of cracks is characterized by
q ¼PNn¼1 aðnÞ2VðmÞ . In general, we assume that q is a small value. The
RVE is assumed to be sufﬁciently large and subjected to linear dis-
placement or stress conditions at its boundary (Benvensite, 1986):
ðaÞ : uðmÞi ¼ eijyj þ
1
2
eij;kyjyk 8y 2 @XðmÞ
ðbÞ : tðmÞi ¼ rijnj þ rij;knjyk 8y 2 @XðmÞ
ð4:2Þ
where rij; rij;k; eij; eij;k are respectively the average stress, stress gra-
dient, strain and strain gradient tensors in the RVE. Strictly speak-
ing, the boundary conditions (a) and (b) in (4.2) provide quite
different homogenization results when the RVE is small. They con-
verge to a unique limit when the RVE size is sufﬁciently large.
First, the effective stiffness tensor C can be obtained by neglect-
ing gradient loads in (4.2) and by using any conventional homoge-
nization methods. It is deﬁned by
rij ¼ Cijpqepq ð4:3Þ
It is clear that the accuracy of C depends on the homogenization
scheme, the size of the RVE, the boundary conditions used etc. In
the present work, we just assume
Cijpq ¼ ð1 pqÞC0ijpq ð4:4Þ
where C0ijpq is the stiffness tensor of the matrix. This result is very
similar to those obtained by using some conventional homogeniza-
tion methods (non-interactive scheme, self-consistent method, the
Mori–Tanaka method etc., see Kachanov, 1993). For small crack
density, pq 1, the difference between (4.4) and the results ob-
tained from the above-mentioned methods are practically negligi-
ble. Eq. (4.4) is a starting point for the evaluation of the gradient
stiffness D. Its simplicity permits us to obtain an expression of D
in closed form.
Let us now give an estimation of the stiffness tensors D associ-
ated with strain gradient. The average strain energy density in a
RVE with many microcracks reads:
UðmÞ ¼ U0  1
2
XN
n¼1
W ðnÞ
V ðmÞ
ð4:5Þ
where U0 is the average strain energy density of the matrix without
microcracks:
Fig. 3. A RVE X(m) divided into N sub-domains X0.
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V ðmÞ
1
2
Z
XðmÞ
eij þ eij;kyk
	 

C0ijpq epq þ epq;ryr
	 

dV
¼ 1
2
C0ijpqeijepq þ D0ijkpqreij;kepq;r
 
ð4:6Þ
with
D0ijkpqr ¼ IðmÞkr C0ijpq ð4:7Þ
W(n) is the work of the traction acting on the lips of the nth crack to
get it closed. It can be calculated according to the concept of the
self-consistent scheme by considering an isolated crack lying in
the effective matrix. Under the remote load (4.2), this traction
reads:
tðnÞi ðgÞ ¼ ðrij þ rij;kyðnÞk ÞnðnÞj þ grij;knðnÞj sðnÞk ð4:8Þ
where g is the local coordinate attached to the crack, g 2 [a(n),a(n)].
The crack opening under this traction can readily be obtained,
see analysis given in Appendix. From this analysis, we write the
displacement jump between the two crack lips as follows:
uðnÞi ðgÞ
h i
¼ 4
E0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aðnÞ2  g2
q
rij þ rij;kyðnÞk
 
nðnÞj þ
g
2
rij;knðnÞj s
ðnÞ
k
h i
ð4:9Þ
with
E0 ¼ E for plane stressE
1m2 for plane strain
(
ð4:10Þ
By substituting (4.8) and (4.9) into the second term in the right side
of (4.5), we obtain the total work due to tractions on the crack lips:
1
2
XN
n¼1
W ðnÞ
V ðmÞ
¼ 1
2V ðmÞ
XN
n¼1
Z aðnÞ
aðnÞ
tðnÞi ðgÞ uðnÞi ðgÞ
h i
dg
¼ 1
2V ðmÞ
XN
n¼1
2aðnÞ2p
E0
rij rpq þ rij;kyðnÞk rp;ryðnÞr
 "
þ a
ðnÞ4p
4E0
rij;ksðnÞk rpq;rs
ðnÞ
r
#
nðnÞj n
ðnÞ
q dip ð4:11Þ
We adopt the conventional hypotheses such that the distributions
of the length, orientation and position of the microcracks are uni-
form and independent; the microcracks are very numerous in a
RVE, N?1, thus the following quantities can be evaluated:
1
N
XN
n¼1
nðnÞj n
ðnÞ
q ¼
1
2
djq ð4:12aÞ
XN
n¼1
yðnÞk ¼ 0 ð4:12bÞ
XN
n¼1
aðnÞ
4
V ðmÞ
ﬃ 0 ð4:12cÞ
XN
n¼1
yðnÞk y
ðnÞ
r ¼ N IðmÞkr  I0kr
 
ð4:12dÞ
All these relationships are obvious except perhaps (4.12c) and
(4.12d). In fact, in the case of dilute microcracks,
PN
n¼1
aðnÞ4
VðmÞ
is a high-
er-order term comparing to q ¼PNn¼1 aðnÞ2VðmÞ and therefore negligible.
In order to give an explicit estimation of the quantity
PN
n¼1y
ðnÞ
k y
ðnÞ
r ,
we assume, without loosing generality, that the microcracks are
equi-distantly distributed in the RVE as illustrated in Fig. 3. Thus
the RVE X(m) is divided into N sub-domains X0 of identical size,
with volume V0 and inertia moment tensor I0 with respect to its
own geometrical center. It is clear that the total inertia moment
tensor is IðmÞkr ¼ NI0kr þ
PN
n¼1y
ðnÞ
k y
ðnÞ
r V
0, from this relationship and by
deﬁning I0kr ¼ I0kr=V0, we obtain immediately (4.12d).By introducing (4.6) and (4.11) into (4.5) and by taking (4.12)
into account, we can obtain the average strain energy density for
X(m), namely:
UðmÞ ¼ 1
2
C0ijpqeijepq 
pq
E0
rij rij
 
þ 1
2
C0ijpqI
ðmÞ
kr
eij;kepq;r  pqE0 I
ðmÞ
kr  I0kr
 
djqdip rij;k rpq;r
 
ð4:13Þ
The stiffness tensor D is estimated by a similarity analysis according
to (4.13). We know that by adopting the simpliﬁed scheme (4.4),
the ﬁrst term in the right side of (4.13) just reads:
1
2
C0ijpqeijepq 
pq
E0
rij rij
 
¼ 1
2
ð1 pqÞC0ijpqeijepq ð4:14Þ
By considering (4.14), the second term in the right side of (4.13) can
be written as follows:
1
2
IðmÞkr  I0kr
 
C0ijpqeij;kepq;r 
pq
E0 r
0
ij;k r
0
ij;r
 
þ 1
2
C0ijpqI
0
kr
eij;kepq;r
¼ 1
2
IðmÞkr  I0kr
 
ð1 pqÞC0ijpqeij;kepq;r þ
1
2
C0ijpqI
0
kr
eij;kepq;r ð4:15Þ
Therefore, the average strain energy density in X(m) is obtained in
terms of the average strain and its gradient, namely:
UðmÞ ¼ 1
2
CðmÞijpqeijepq þ DðmÞijkpqreij;kepq;r
 
ð4:16Þ
with :
CðmÞijpq ¼ ð1 pqÞC0ijpq
DðmÞijkpqr ¼ C0ijpqIðmÞkr  pqC0ijpq IðmÞkr  I0kr
  ð4:17Þ
The average strain energy density (4.16) obtained for the RVE X(m)
needs to be transformed to that for the continuum. The transforma-
tion of (4.16) is straightforward according to Eq. (2.24). Finally we
obtain:
U ¼ 1
2
ðCijpqeijepq þ Dijkpqreij;kepq;rÞ ð4:18Þ
with
Cijpq ¼ Cijpq ¼ ð1 pqÞC0ijpq
Dijkpqr ¼ Dijkpqr  CijpqIðmÞkr ¼ pqC0ijpqI0kr
ð4:19Þ
We emphasis that (4.18) is a true strain energy density and inde-
pendent of the RVE’s size. In fact, it is clear that Cijpq is independent
of the volume of the RVE once the crack density is ﬁxed. Moreover,
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1
V ðmÞ
X
n
ðaðnÞÞ2 I
0
kr
V0
¼ a2 I
0
kr
ðV0Þ2
ð4:20Þ
where a ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
N
PN
n¼1ðaðnÞÞ2
q
stands for the mean square root of the
semi-crack lengths. Since I0kr=ðV0Þ2 is a constant once the form of
the basic volume X0 is ﬁxed, (4.20) signiﬁes that the tensor D de-
pends on the average size of the microcracks but not on the size
of X(m). When the length of the microcracks tends to zero, the ten-
sor D also tends to zero. In this case, the strain gradient has no inﬂu-
ence on the constitutive behavior of the material. This result
conﬁrms that the second hypothesis proposed in Section 2 is
reasonable.
Let us now consider the special case when the basic sub-domain
X0 is a square h  h as shown in Figure 3. If the local coordinate
system associated with the RVE is parallel with the global coordi-
nate system, we can write from (4.20):
qI0kr ¼
a2
12
dkr ð4:21Þ
Thus the strain energy density with strain gradients can be written
in following simple form:
U ¼ 1
2
ð1 pqÞC0ijpqeijepq þ
pa2
12
C0ijpqdkreij;kepq;r
 
ð4:22Þ
rij ¼ ð1 pqÞC0ijpqepq
1rijk ¼ p
a2
12
C0ijpqepq;k
We can observe that this strain energy density is in a similar form to
many those proposed in the literature. In the case of homogenous
materials with randomly distributed microcracks, (4.22) can be
written as follows:
U ¼ 1
2
keiiejj þ leijeij þ l2 12 keii;kejj;k þ leij;keij;k
 
ð4:23Þ
with
k ¼ ð1 pqÞk0 l ¼ 1 pqð Þl0 l2 ¼ pa
2
12ð1 pqÞ ð4:24Þ
where k0, l0 are the Lamé constants of the matrix material. (4.23) is
a widely explored strain energy function in the literature (Ru and
Aifantis, 1993; Exadaktylos and Aifantis, 1996; Akarapu and Zbib,
2006 etc.). Detailed theoretical and numerical analyses on this
strain energy function were carried out, especially the inﬂuence of
strain gradient on the stress and displacement distributions near
a crack tip (Shi et al., 2000; Akarapu and Zbib, 2006).
5. Discussions and concluding remarks
In this paper, we ﬁrst developed a homogenization procedure in
order to establish strain gradient constitutive relations for a heter-
ogeneous material. The main hypotheses adopted in this approach
include the consideration of a RVE as a volume with ﬁnite size and
the inexistence of gradient behavior if the material is perfectly
homogeneous. When the macroscopic strain gradient cannot be
neglected in the length-scale of the RVEs, the proposed homogeni-
zation procedure leads to the construction of the gradient constitu-
tive laws in a nature manner. The methodology presented in this
work includes two main steps. The ﬁrst step is the construction
of the average strain-energy density for a well-chosen RVE by
using a homogenization technique. The second step is the transfor-
mation of the obtained average strain-energy density to that for
the continuum. An important feature of the present method is its
self-consistency with respect to the selection of the RVE. This as-
pect was illustrated by means of the examples given in this paper.In the case of periodic composites, the constitutive equations ob-
tained by using the present method are clearly independent of
the RVE size. For a RVE with randomly distributed heterogeneities,
the size of the RVE should be sufﬁciently large such that its re-
sponse is independent of the type of the boundary conditions. Be-
low that size, the material domain is not representative, and the
terminology ‘‘Statistical Volume Element’’ (SVE) may be more ade-
quate to characterize the size-dependence of the homogenized re-
sponse. According to Ostoja-Starzewski (2006), the material
behavior issued from homogenization depends strongly on the size
of the SVE, and it converges to a ﬁxed response as the SVE enlarges
and therefore becomes a RVE. We believe that the gradient consti-
tutive laws also follow this rule. This assumption remains to be
demonstrated in further works.
In the frame of this homogenization procedure, we have con-
structed a strain gradient constitutive relation for a two-dimen-
sional elastic material containing many microcracks by adopting
the self-consistent scheme. This constitutive behavior will be
transformed to an evolution law of damage in the second part of
this work. The obtained constitutive relation shows clearly that
the material behavior depends not only on the crack density q,
but also on the average crack length a with which strain gradient
is associated. As a consequence, two brittle materials having the
same crack density, but the one with many short microcracks
and the other with few long ones, will behave differently. In gen-
eral, the decrease of the crack number will increase the material
stiffness if strain gradient is taken into account.
We can observe that the form of this constitutive equation bears
a resemblance, but is not always identical, to a number of strain
gradient laws proposed in the literature. The main difference is
that the constitutive equation obtained in the present work is re-
sults of exploitation of a physic model by means of homogeniza-
tion, while most of the strain gradient laws proposed in the
literature were deduced on the basis of predeﬁned potentials.
It is clear that the cases studied in this paper are of simplistic nat-
ure. Sophisticatedmethodsmay be developed to resolvemore com-
plicated homogenization problems. Since higher-order gradients
are taken into account in the homogenization procedure, the con-
struction of gradient constitutive laws is inherently difﬁcult. For real
materials with complex microstructures, numerical approaches or
bound estimations may be efﬁcient ways for this purpose.
Appendix
In this appendix, we give the crack opening expression for a
crack in an inﬁnite 2-D linear elastic plate subjected to a remote
traction that can be developed into a Taylor’s expansion as follows:
rij ¼ rij þ rij;kxk þ 12 rij;klxkxl þ    ðA1Þ
where rij; rij;k; rij;kl    are constant tensors. To this end, let’s con-
sider an edge dislocation situated at z = s in an inﬁnite 2-D plate,
with z ¼ xþ iy; i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
. The Muskhelishivili potentials for this dis-
location are:
UðzÞ ¼ B
z s XðzÞ ¼
B
z sþ
Bðs sÞ
ðz sÞ2
B ¼ l
ipð1þ jÞ ðbx þ ibyÞ
ðA2Þ
where l is the shear modulus;
j ¼
3 m
1þ m for plane stress
3 4m for plane strain
(
;
mis the Poisson coefﬁcient; b = bx + iby is the Burgers vector of the
dislocation.
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represented in terms of these potentials as follows:
r11 þ r22 ¼ 2ðUþUÞ
r22 þ ir12 ¼ UþXþ ðz zÞU0
 2li @
@x1
ðu2 þ iu1Þ ¼ jUX ðz zÞU0
ðA3Þ
We ﬁrst consider a central crack of length 2a, lying on the x-axis and
subjected to the remote load (A1). Let b(x) = bx(x) + iby(x) a disloca-
tion distribution along the crack line x 2 [a,a], it must satisfy the
free-traction condition on the crack lips, i.e.,:Z a
a
ðUþXþ ðz zÞU0Þds ¼  r22 þ r22;1xþ 12 r22;11x
2 þ   
 
 i r12 þ r12;1xþ 12 r12;11x
2 þ   
 
ðA4Þ
Along the crack line, z = x, s = t, the left side of this equation writesZ a
a
2B
x t dt ¼
2l
ipð1þ jÞ
Z a
a
bx  iby
x t dt ðA5Þ
We assume that the Burgers vector has the following distribution
along the crack line:
bxðtÞ  ibyðtÞ ¼
P
nanTnðt=aÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðt=aÞ2
q ðA6Þ
where Tn(t) are the ﬁrst Tchebyshev polynomials of t, an are com-
plex coefﬁcients. This dislocation distribution can guarantee the
correct stress singularity at the crack tips.
By using the integration formula:Z 1
1
TnðuÞ
ðy uÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 u2
p du ¼ pUn1ðyÞ ðA7Þ
where Un(y) are the second Tchebychev polynomials, and by substi-
tuting (A6) into (A5), we obtain:Z a
a
2B
x t dt ¼
2l
ipð1þ jÞp a1 þ a22
x
a
þ a3 xa
 2
 1
 
þ   
 
ðA8Þ
By identiﬁcation, we obtain the coefﬁcients ai, namely
a1 ¼ i1þ j2l r22 þ ir12 þ
a2
2
r22;11 þ ir12;11ð Þ
 
a2 ¼ i1þ j2l
a
2
ðr22;1 þ ir12;1Þ
a3 ¼ i1þ j2l
a2
2
ðr22;11 þ ir12;11Þ   
ðA9Þ
Hence
by þ ibx ¼ 1þ j2l
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  t2
p ðr22 þ ir12Þ  a
2
2
r22;11 þ ir12;11ð Þ
 
t

þ1
2
ðr22;1 þ ir12;1Þð2t2  a2Þ þ 12 ðr22;11 þ ir12;11Þ
ð4t3  3a2tÞ þ   

ðA10Þ
The displacement jump between the crack lips is
½u2 þ iu1ðxÞ ¼
Z x
a
ðby þ ibxÞdt
¼ 4
E0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
ðr22 þ ir12Þ þ x2 ðr22;1 þ ir12;1Þ
h
2x
2 þ a2
3
ðr22;11 þ ir12;11Þ þ   

ðA11Þwith
1þ j
8l
¼ 1
E0
E0 ¼ E for plane stressE
1m2 for plane strain
(
For an arbitrarily oriented crack deﬁned by its normal and orienta-
tion vectors n and s, this result can be rewritten in terms of the local
coordinate associated with the crack line, i.e., g, g 2 [a,a], namely:
½ui ¼ 4E0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g2
q
ti þ g2
@ti
@g
 1
3
ð2g2 þ a2Þ @
2ti
@g2
þ   
" #
ðA12Þ
where t is the traction acting on the crack lips, for which we have:
ti ¼ rijnj
@ti
@g
¼ @ti
@x
@x
@g
þ @ti
@y
@y
@g
¼ rij;ksk
@2ti
@g2
¼ @
2ti
@x2
@x
@g
 2
þ 2 @
2ti
@x@y
@x
@g
@y
@g
þ @
2ti
@y2
@y
@g
 2
¼ rij;klsksl and so on.
We can therefore rewrite (A11) as follows:
½ui ¼ 4E0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g2
q
rijnj þ g2 rij;knjsk 
2g2 þ a2
3
rij;klnjsksl þ . . .
 
ðA13Þ
When the crack center is situated at an arbitrary position x, the dis-
placement jump of crack lips becomes:
½ui ¼ 4E0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g2
q
rij þ rij;kxk þ 12 rij;klxkxl
 
nj

þg
2
ðrij;k þ rij;klxlÞnjsk  2g
2 þ a2
3
rij;klnjsksl þ   

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